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1. INTRODUCTION 
In the theory of compact convex sets of functions, it is a well-known 
experience that the extremal functions are characterized by rather strong 
algebraic restrictions. For example, in the case of bounded completely 
monotonic functions, the extremal objects are just the exponentials, and in 
the case of normalized positive definite functions, the extremal objects are 
just the characters; see, for instance, 171. The present note is to give a 
general theorem of this flavour: We show that a certain algebraic property 
actually characterizes the extreme points as soon as each extreme point is 
known to have this property. This result turns out to be useful for the deter- 
mination of the extreme points in a number of concrete cases. 
2. THE MAXIMALITY THEOREM 
In the following, let X be a non-empty convex set of scalar-valued 
functions on some arbitrary set G and assume that X is compact with respect 
to the topology of pointwise convergence. As usual, ex X denotes the set of 
extreme points of X. Now, given a mapping y: G + G, let X, consist of all 
JE X which are compatible with y in the sense that f(y(u)) = ]f(u)]’ holds 
for all u E G. Note that X, is always closed in X. Thus, in the situation of 
the following theorem, ex X turns out to be closed so that the Krein-Milman 
theorem rather than the full Choquet-Bishopde Leeuw theorem will suffice 
for integral representations in this case. 
MAXIMALITY THEOREM. If ex X G X,, then actually ex X = X,. 
ProofI The basic idea goes back to a variant of the proof of the 
Hausdorff-Bernstein-Widder theorem due to Bauer [ 11, and see also (3 1. Let 
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h E X, be arbitrarily given. Then, for each u E G, we consider the continuous 
affine functional 4, : X -+ R given by 
h,(f) := -RefWN + 2 WfW h(u)) - Ih(u)I2 for allfE X. 
Clearly, for allfE X, we have 
A,(f) = - If@> - W2 G 0 
and in particular $,(h) = 0. Because of Bauer’s maximum principle, the 
inclusion ex X E X, implies that 4, < 0 holds on X. We conclude that the 
definition 
4(f) := inf 
I 
1 #U(f): 0 # M finite G G) for allfE X, 
UEM 
yields an upper-semicontinuous convex functional 4: X -+ 1-00, a[ 
satisfying $ < 0 on X and 4(h) = 0. Another application of Bauer’s maximum 
principle supplies us with some g E exX such that 4(g) = 0. Since g E X,, 
we have g = h and hence h E ex X. This completes the proof. 
Remarks. (a) In view of the Krein-Milman theorem and its converse 
due to Milman, the maximality theorem may be reformulated as follows: The 
identity ex X=X, holds if and only if the convex hull of X, is dense in X. 
(b) Let @ consist of all upper-semicontinuous convex functionals 
4: X + [-co, co 1 and let Y be a boundary for @, i.e., a (not necessarily 
closed) subset of X such that each 4 E @, attains its supremum at some point 
of Y. Since X, is closed, the preceding proof shows that YE X, already 
implies that Y = X,= ex X. Here, the boundary max X of all strong 
maximum points of X with respect to @ in the sense of 14, p. 2581 or [ 5 ] 
seems to be of particular interest: It is known that maxX is always 
contained in ex X and that these sets coincide at least if X is assumed to be 
first countable; see 14, p. 3021 or [ 51. It is still open if the identity 
max X = ex X holds in general, but now we know that this is true whenever 
max X z X, for some y: G + G. 
(c) The maximality theorem can be easily extended to a vector-valued 
situation, where X consists of mappings from G into some commutative *- 
algebra A whose points can be separated by the *-homomorphisms from A 
onto the scalar field R or 6. Of course, X, has then to be replaced by the set 
of all fE X satisfying f(y(u)) =f(u)*f(u) for every u E G. 
COROLLARIES. (a) Assume that each f E ex X is a characteristic 
function on G. Then ex X consists exactly of all characteristic functions in X. 
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(b) Let (G, a) be a group and assume that each fE ex X is bounded 
and multiplicative. Then we have the identities 
ex X = {f E X: f bounded and multiplicative) 
= {fE X: f = 0 on G or If) =f(e) = 1 on G), 
where e denotes the identity of the goup G. 
(c) Let (G, .) be a semi-group, let each f E X be real-valued, and 
assume that each f E ex X is multiplicative. Then we have 
ex X = (f E X: f multiplicative} 
(d) Let (G, .) be a semi-group with involution * and assume that each 
f E ex X is a *-homomorphism in the sense that f (u . v) =f (u) f (v) and 
f (u*) =f(u) hold for all u, v E G. Then we have 
ex X = (f E X: f *-homomorphism } 
= {fEX:f(u” . u) = 1 f (u)l’for all u E G}. 
Proof. Assertion (a) follows immediately from the maximality theorem 
by taking y as the identity mapping on G. In order to prove (b), let y be 
constant to e on G. Then X,= (f E X: f = 0 or (f ( = f (e) = I}, and the last 
set certainly contains each bounded and multiplicative f E X. Hence the 
maximality theorem proves the assertion. Finally, assertion (c) and (d) 
follow by choosing y(u) := u . u, resp. y(u) := U* . u for all u E G. 
It should be obvious that the preceding results can be used to simplify and 
shorten some of the classical proofs concerning the determination of certain 
extreme points. The corollaries apply, in particular, to invariant probability 
measures, to completely monotonic functions, to positive definite functions, 
and to some other situations. 
3. AN EXAMPLE 
We close with a typical application concerning the multiplicativity of 
extreme positive functionals in a rather general algebraic setting. Let A be a 
real or complex algebra and let A * consist of all linear functionals on A. 
Recall that a semi-algebra G in A is a convex cone G contained in A such 
that uv E G for all U, v E G, see, for instance, [2]. We note that, in the 
situation of the following theorem, the Krein-Milman theorem ensures the 
existence of nontrivial multiplicative linear functionals on A. 
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THEOREM. Let G be a semi-algebra in a real or complex algebra A with 
unit element 1 and suppose that 
(i) A=G-G resp. A=(G-G)@i(G-G), 
(ii) 1 E Z(G) and -1 (2 Z(G), 
where I(G) denotes the intrinsic algebraic interior of G. Then 
X:=(fEA*:f(l)= landf>OonG) 
is non-empty, convex, and a(A *, A)-compact with 
ex X = (f E X: f multiplicative). 
Proof: First, an easy application of a suitable separation theorem 
supplies us with some real-linear functionalf: G - G + R satisfyingf( 1) = 1 
and f > 0 on G. In the real case, we have f E X, while in the complex case 
condition (i) enables us to extend f to a complex-linear functional on A in the 
obvious way. Thus X is non-empty. Next observe that the assumption 
1 E Z(G) means precisely that for every u E G there exists some real t > 0 
such that tl - u E G. Hence 0 <f(u) < t for all f E X. From (i) we conclude 
that for each u E A the set {f(u): f E X) is bounded in R, resp. C. Now the 
weak * -compactness of X follows from the Tychonoff theorem. In view of 
part (c) of the above corollary, which has to be applied to the set of 
restrictions (f 1 G:f E X}, all that remains to prove is that each f E ex X 
preserves the multiplication. Since G spans A, it suffices to show that 
f (uv) = f (u) f (v) holds for all v E A, where u E G is arbitrarily given. We 
choose some t > 0 such that tl - u E G and note that 0 <f(u) < t. If 
f(u) = 0, then g :=f (u . ) E A * satisfies g > 0 on G and g(1) = 0, hence 
g = 0 and consequently f (uv) = 0 = f (u) f(v) for all L’ E A. If f (u) = t, then a 
similar reasoning leads to f((t1 -u) v) = 0 and hence f(m) = tf(v) = 
f (u)f (v) for all v E A. In the remaining case 0 <f(u) < t, we consider the 
decomposition 
f(v) = f (u) f (uv) + t -f(u) f \(t1 - u) v) 
-i-f(u) t t -f(u) 
for all v E A, 
which implies f (au) = f(u) f(v) for all v E A according to the extremality of 
fin X. Hence f is multiplicative, which completes the proof. 
Remark. If A is a commutative Banach algebra with continuous 
involution *, then the preceding result applies to the corresponding positive 
cone G := (ufu, + .a. + U~U, : ui,..., U, E A} and reproduces a well-known 
theorem due to Kelley and Vaught [6]. 
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Nofe added in proof Recently Christian Berg (Copenhagen) informed me that the 
preceding example is closely related to a representation theorem for r-positive linear 
functionals due to P. H. MASERICK, Moments of measures on convex bodies, Pacific J. Math. 
68 (1977), 135-152. 
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